New kinematical constraints of the pair operators in the algebraic approach to the theory of collective motion are proposed. These relations are the. natural extension, to the operator forms, of the well-known constraints of the generalized density inatrix in the Hartree-Bogoliubov theory. On the basis of the new constraints; a microscopic theory of rotational motion given by Belyaev and Zelevinsky is reconstructed. § I. Introduction
In 1968 Marumori, Miyanishi, Nishiyama and the present author proposed a new microscopic theory, which is called the algebraic approach, with the aim of achieving a unified understanding of the vibrational and rotational motions in even nuclei. 1 > The basic standpoint of this approach is the following: . For getting the composite nature of the pair operators composed of fermion operators, the dynamics of the system under consideration can be solved with the use of certain dynamical and kinematical constraints of the pair operators. More concretely, the procedure is the following: (i) We introduce a sub-space consisting of the eigenstates of the Hamiltonian which are strongly connected with one another through the specific pair operators. (ii) A set of equations can. be obtained by making a spectral decomposition within the sub-space to the above-mentioned constraints. The unknown quantities of the equations are the matrix elements of the pair operators and the excitation energies in the sub-space. (iii) Thus, solving these equations, we can understand the structure of the states belonging to the sub-space. In this approach, the equations of motion for pair operators are adopted as dynamical constraints. The kinematical constraints consist of the commutation relations among the pair operators and a certain relation that the special quadratic combination of pair operatars is reduced to the total nucleon number. In this framework, vibrational motion could be well described; results equivalent to those of the quasi-particle RP A could be obtained without using the quasi-particle representation. The direct development of this theoretical framework has been performed by Klein et aJ.2> They have investigated various types of collective motions in the above-mentioned framework supplementing the variational concept, which they call the algebraic-variational approach to the theory of collective motion.
On the other hand, the present author, together with Gross, Nishiyama, Iwasaki and Matsuzaki, has successfully developed the microscopic theory of nuclear rotational motion in the case of no pairing correlation. 3 l Of course, in this work, the basic standpoint of the above-mentioned approach has been completely kept. However, the mathematical framework is slightly different; the comutation relations have not been used. Properly speaking, the chosen subspace and the chosen specific pair operators should have a close connection with each other. However, for the present, we know no principle how to connect the former with the latter. Therefore, with the help of the empirical facts, we have to choose the sub-space and the specific pair operators separately as independent assumptions. In the description of the rotational motion given by the present author et al., the following assumptions were made: (i) The groundstate rotational -band is the sub-space, (ii) the coupling between the sub-space and any other sub-space can be neglected and (iii) within the sub-space, the quadrupole mode is strongly enhanced compared with any other one. These assumptions lead us to the incompatibility of some commutation relations with other ones after making the spectral decomposition in the sub-space.*l For this reason, the other-types of the relations for pair operators have been introduced as the-kinematical constraints. In addition to _ the rotational motion, these relations have also been applied to the vibrational motion by Schalow, Iwasaki and the present author/l and the physical meaning of the apparent overestimate of the ground-state correlations induced by the RPA could be completely solved.
The main purpose of the present paper is to propose new kinematical constraints of the pair operators which are suitable for the application to the system with pairing correlation. These constraints are natural extensions of the relation previously used 3 l and completely independent of any dynamics and any special approximation. Further, they are natural extensions of the well-known constraints of the generalized density matrix K in the Hartree-Bogoliub ov (HB) theory (K =K 2 ) . In this sense, these relations may be applicable not only to the system in which the HB approximation is permissible but also to the system in which the approximation is unacceptable.
In the next section, we will give new kinematical constraints together with the proof. -The connection with the generalized density matrix in the HB theory will be discussed in § 3 . In order to demonstrate th:e usefulness of the constraints, we apply the relations to the rotational motion in § 4. It will be shown that the artificial aspects of the Belyaev-Zelevins ky (BZ) theory of the rotation 6 l can be completely excluded by these constraints. Finally in § 5 some concluding remarks will be made. 
The commutation relations among these operators can be given in the following forms:
[A2(C), As(ClJ_ = 0,
where Y(123) is defined by *> Hereafter, when discussing these pair operators, we will use the unified subscript ±1 =:(a1b1J 1 ±M,) as in A~i==A.)!'~±M,(a,b,)• Lt==(-)J,+M, and the permutation operator p,, the action of which on an arbitrary function f(l) is defined by 
The other types of the commutation relations are obtained by Eqs. (2 · 4) and (2 · 3). The main purpose of· the present paper is to show that our pair operators Ai <c>, A 1< 4 l, B 1 (CJ and B/tJ satisfy the following relations without any approximation:
where
Let us prove the relations (2· 6). For this purpose, it 1s enough to give the proof of the following relations:
where Q denotes the total number of the single-particle states of the system under consideration. We start with the proof of Eqs. (2·7a) and (2·7b). First we notice the fol~owing relations:
where N = l:r c/cr. There relations can be easily derived with the use of the anti-commutation relations of cat and ca. Summing up both relations and dividing by 2, we obtain Eq. (2·7a) with the definition of Atp, Aa.s• Btp and Ba,s (Eqs.
(2·2)). The relation (2·7b) is Hermite conjugate of Eq. (2·7a). Next we derive the relations (2 · 7 c) and (2 · 7 d). For this aim, the following relations are available:
Then, through the same procedure as in the case of Eqs. (2·7a) and (2·7b), the relations (2·9) lead us to Eqs. (2·7c) and (2·7d). Thus, we could prove Eqs. (2 · 7). It is clear from the above proof that the relations (2 · 6) or (2 · 7) are completely independent of any dynamics and any approximation. In this sense, we call these relations the kinematical constraints of the pair operators.
If we neglect the terms related with A1 <•l and A1 <dJ, then, Eq. (2 · 6) is reduced to the essential parts· of the kinematical constraint used in the description of the rotation by the present author et al. 31 Therefore, our present kinematical constraints may be powerful for the system with pairing correlation. § 3. Connection with the Hartree-Bogoliubov theory ,
It is interesting to analyse the structure of our kinematical constraints in the HB theory, because the expectation values of our pair operators with respect to the HB free vacuum are just the elements of generalized density matrix in the HB theory.
It is well known that the generalized density matrix K in the HB approximation obeys the following relation: or more explicitly On the basis of the above relations (3 ·1), let us analyse our relations (2 · 7) in the HB theory. Relations (2 · 7) reduce to Eqs. (3 ·1), respectively, if we neglect the term -1/2·~ap(!J-1) in Eqs. (2·7a) a:nd (2·7b) and make the following replacement:
Therefore, we can conclude that our kinematical constraints can be regarded as extensions, to the operator forms, of the constraints of the generalized density matrix in the HB approximation. Here it should be noticed that the orderings of the pair operators in Eqs. (2·6) or (2·7) are important. If we make the replacement (3 · 2) after changing the orderings with the use of the commutation relations· of the pair operators, then, Eqs. (2 · 7) , do not reduce to Eqs. (3 ·1).
According to the HB theory, the pair operators can be expressed in the following forms:
Aa.e = "a.e + ~atl ' 
These relations may. be available for the description of the vibrational state.
We can see that the term -1/2·oa.e(!.f---1) in Eqs. (3·4a) and (3·4b) (or Eqs.
(2·7a) and (2·7b)) is in close connection with the :fluctuation terms. In fact, the relations analogous to Eqs. (3 · 4) were powerful for the estimate of the ground-state correlations induce~ by the RPA. 5 > Finally we will make some remarks on the boson expansion in relation to our kinematical constraints. Marshalek and Holzwarth proved that the pairoperators satisfy the relations (3; 1) under the c~number replacement of the bosonoperators in the BZ expansion. 7 > Further, they stressed that ~he Marumori expansion8> does not satisfy the relations (3 ·1) under the c-number replacement. 9 > However, the Marumori expansion satisfies Eqs. (2· 7) as the operators themselves, as is clear from the structure of the expansion theory. Therefore, the Marumori expansion is one of the possible solutions which satisfy our ki~ematical,constraints. § 4. Nuclear rotational motion as an illustrative example It has already been mentioned in § 1 that the present author et al. developed the microscopic theory of rotation in the case of no pairing correlation. 8 l When we intend to describe the rotational motion with pairing correlation, we have to pay attention to the work by Belyaev and Zelevinsky. 6 l . They have already proposed the theory for the above-mentioned case along the line of the algebraic approach. However, the theoretical framework of the BZ theory does not contain any kinematical constraints, i.e., the theory starts with only the constants of motion and the equations of motion for pair operators. Therefore the theory has inevitably some artificial aspects and, moreover, we cannot find a way in which the higher order corrections are calculated within the framework .of the BZ theory. In this section, we will reconstruct the BZ theory, supplementing the kinematical constraints proposed .in the present paper. It will be shown that the artificial aspects of the BZ theory can be completely excluded with the help of the constraints.
In order to avoid unnecessary complications, our system is assumed to consist of even identical nucleons moving in the single-j orbit with the pairing plus quadrupole force. Following the BZ theory, we introduce pair operators:
The operators AW and B~t) differ from zero only for even J; B~l) differs from zero only for odd J. The Hamiltonian is expressed in terms of the above-defined operators as follows: 
where PJ~> and QW are given as follows: Now let IRR.) represent one of the members of the ground-state rotational band in even nucleus under consideration , the energy of which is E(R) . The set of the states {I RR,)} is our sub-space. R and R, are· the angular momentum and its projection (R = 0, 2, 4, · · ·). We set up the same assumptions as those in the BZ theory, which characterize our subcspace: (i) We can neglect the coupling between our sub-space and any otiter one, (ii) within OUl'. sub-space, the matrix elements of A~J) and B~J) are sufficiently small compared with those of A~t{ and BW and (iii) the excitation en~rgies in our sub-space are sufficiently small.
With the help of the above-mentio ned assumptions and the spectral decomposition, the relations ( 4 · 3), ( 4 · 4) and ( 4 · 7) can be approximated in ·the following forms:
.J2]+T(RIIBo C+>!IR')=n8B B', (n; particle number) where wBB'=E(R) -E(R'). Here, it should be no.ticed ~hat in Eqs. (4·7a)'.the matrix elements of A~J) and B~J) can be neglected by our assumptions and the constant term in Eqs. ( 4 · 8) has been neglected. Belyaev and Zelevinsky found the following types of the solutions of (RIIAP'IIR') and (RIIB,C+>IIR') ·from Eqs. '(4·4a)' and [BtP, B~.i>J-:
For the determination of aW and {15-'t', they introduced the quantities a,.c+> and {1,. c+> in the following definition:
=: 
However, it is by no means self-evident. This is the first artificial aspect of the BZ theory. In our case, within the framework of Eqs. (4·4a)' and (4·7a)', the relations ( 4 · 9) can be proved. Further, two equations can be obtained for am <+l and f3m<+>, which are reduced to the same equations as those in the BZ theory, as a result. Therefore, our results become those of the BZ theory. Next we consider the determination, of <RIIA/-lJJR') and <RIIB/-lJJR'). Belyaev and Zelevinsky assumed the following forms so as to be able to get the rotational spectrum:
For the determination of 'a~1l and {3~1\ they introduced the following quantities:
Then, from Eqs. (4·4b)' two equations for am<-l and f3m<-l are obtained. g can be determined with the help of Eqs. ( 4 · 3b )', which becomes moment of inertia . . . The moment of inertia in this case is of the same form as that of the conventional cranking model calculated by the HB approximation. However, the forms of the matrix elements of A~}) and B~J) given in Eqs. ( 4 · 12) are nothing else than the assumed ones, because in the framework of the BZ theory we cannot find any condition by which Eqs. ( 4 · 12) are supported. This is the second artificial aspect of the BZ theory. In our ·framework, Eqs. ( 4 · 7 b)' exist in addition to Eqs. (4·4b)' and the matrix elements given in Eqs. (4·12) a:r:e reasonably justified. Thus, we could understand that the artificial aspects of the BZ theory can be completely excluded with-the aid' of the kinematical constraints proposed in the present paper. § 5. Discussion and concluding remarks
In the present paper we have proposed new kinematical constraints of the pair operators in the algebraic approach to the theory of collective motion. These are expressed in terms of the operator forms in contrast to the HB theory and, further, they are completely ·independent of any dynamics and any approximation. Therefore, in relation to the dynamics, we can expect various solutions which satisfy our kinematical constraints. For example, we have already mentioned in § 3 that the boson expansion is one of the possible solutions. The boson expansion is very powerful for the description of vibrational motion. Therefore, it is interesting to find a possible solution which is suitable for the description of rotational motion. In the simple model given m § 4, the pair operators can be approximately expressed as follows: 
M'
.
(5·2) ../1/3·j(j+ 1) (2i+ 1)bk) =!f.
In the framework of Eqs. (5 · 3), it is impossible to determine aW, b}!l, a5-1l and b5-1l. These should be determined with the help of the Hamiltonian (in other words, the dynamical constraints) in addition to Eqs. (5 · 3), for example, as was given in § 4. It may be self-evident that the expressions (5·1) are suitable for the description of the rotational motion, as is clear from the comparison with the rotational model. Since Eqs. (5 ·1) have been obtained as the approximate expressions, we can expect to have a certain expansion method starting from Eqs. (5 ·1) as the zero-th order. This method may be powerful for the systematic analysis of the deviations from the ideal rotation. It is just analogous to the boson expansion method for the analysis of the deviations from the harmonic vibration, i.e., the so-called anharmonicity. Here we point out that the boson expansion method is dangerous for the description of rotational motion. Conventionally, the pair operators are expanded by bosons at most up to fourth order and the Hamiltonian expressed within the above-mentioned order is diagonalized in .a very large boson sub-space. However, it may be necessary to expand the pair oper~tors up to much higher order for the expanded operators to be given the properties (5 ·1). In a forthcoming paper, the present author will propose a possible expansion method for the description of the deformed nuclei in collaboration with Hayashi.
In some parts of this paper we have mentioned that our kinematical constraints a~e completely independent of any dynamics. Therefore, it is possible to apply our constraints to odd-mass nuclei, and by this application the analysis of collective-particle couplings may be possible.
